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Isotropic and anisotropic out-of-plane deformations induced by thin-film residual stress on thin cubic
materials are studied. By transforming the compliance tensor, an analytical expression can be derived for
the biaxial stiffness modulus for all directions in any given cubic crystal plane. A modified Stoney’s
equation, including both isotropic and anisotropic terms, can be formulated to predict the anisotropic
out-of-plane deformation. The isotropic and anisotropic deformations are then described using the
Zernike polynomials U21 and U22, respectively. Experimental results from (100) and (110) silicon wafers
confirm the model by quantitatively comparing the changes in Z21 and Z22 coefficients due to thin-film
stress. © 2006 Optical Society of America
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1. Introduction

Out-of-plane deformation of flat surfaces induced by
thin-film residual stress1 is an important issue in
microelectronic devices, microelectromechanical sys-
tem fabrication, and coating of thin optical elements.
For cubic materials, depending on the orientation of
the plane under study, the deformation can be either
directionally dependent or independent. In this paper
we report analysis and characterization of isotropic
and anisotropic out-of-plane deformations in (100)
and (110) cubic materials using Zernike polynomials.

Significant interest has been placed on (110) orien-
tation silicon wafers for micromachining. When prop-
erly processed with anisotropic wet etchants, such as
potassium hydroxide or tetramethyl ammonium hy-
droxide, fabricated structures can result in near
atomically smooth vertical walls.2 Silicon wafers with
off-cut orientation can also produce unique surface
profiles, such as blazed reflection gratings for x-ray
spectroscopy.3,4 The biaxial stiffness modulus for cu-
bic material with such orientation is anisotropic, and

stress from deposited films will lead to anisotropic
out-of-plane deformation.

The well-known Stoney’s equation,5 most com-
monly used to describe isotropic out-of-plane defor-
mation for thin films on plates, is given by

1
R �

6�ot

Ebih
2, (1)

where R is the radius of curvature; �o is the film
stress; E is Young’s modulus; � is the Poisson’s ratio
of the material; Ebi � E�1 � � is the biaxial stiffness
modulus of the plate; and t and h are the thickness of
the film and plate, respectively. For a given crystal
plane, anisotropic out-of-plane strain arises when Ebi
is dependent on direction. Brantley6 has examined
various crystal planes for cubic materials and has
shown that Ebi is invariant of direction in {100} and
{111}, while being anisotropic in {110} crystal planes.
A modified Stoney’s equation, combined with Zernike
polynomials, can be derived to describe the anisotro-
pic out-of-plane deformation in {110} crystal planes
for cubic materials.

Using Stoney’s equation, curvature measurements
along a single lattice direction can experimentally
determine the film stress based on its induced curva-
ture.7,8 For isotropic deformation, the relationship
can be generalized to all directions in the plane. Com-
plications arise when anisotropic deformation is mea-
sured, such as epitaxial strain,9 and typically only a
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few principal directions are measured. Using the
Zernike polynomial characterization described in this
paper, the relationship between film stress and aniso-
tropic curvature can be obtained.

2. Ebi for (100) and (110) Planes in Cubic Materials

To calculate E and � for an arbitrary Miller indices
direction �hkl�, tensor transformation can be used to
transform the fourth-order compliant tensor from the
given coordinate system to the �hkl� direction. As
previously described by Brantley,6 for an arbitrary
direction in a cubic material, E is

E �
1

s11
�

1

s11 � 2S(l1
2l2

2 � l2
2l3

2 � l1
2l3

2)
, (2)

and � is

�12 � �
s12�

s11�
� �

s12 � S(l1
2m1

2 � l2
2m2

2 � l3
2m3

2)

s11 � 2S(l1
2l2

2 � l2
2l3

2 � l1
2l3

2)
, (3)

where s11, s12, and s44 are the three independent com-
pliance constants of the cubic material; and S � s11

� s11 � �1⁄2� s44 and li and mi are the direction cosines
for �hkl� and its associated shear direction. Using
Eqs. (2) and (3), the effects of the anisotropic stiffness
can be predicted in (100) and (110) planes for cubic
materials.

For directions in the (100) plane,6 Ebi is given by

Ebi, (100) �
1

s11 � s12
. (4)

Using the compliant constants of silicon outlined in
Mason10 and Eq. (4), Ebi for directions in the (100)
plane are plotted as a function of angle from the �100�
direction, as shown in Fig. 1. The plot of Ebi is direc-
tion invariant, and therefore the out-of-plane defor-
mation for a (100) plane is isotropic. Combining

Ebi, �100� with Eq. (1), the radius of curvature induced
by the film stress can be derived as a function of the
compliance constants

1
R(100)

�
6�ot

h2 (s11 � s12). (5)

For (110) crystal planes, let the arbitrary direction
�hkl� lie on the (110) plane and at an angle � to the
�110� direction, as shown in Fig. 2. The direction co-
sines will then be

[l1, l2, l3] � ��2
2 cos �, �

�2
2 cos �, �1 � cos2 ��,

[m1, m2, m3] � ��2
2 sin �, �

�2
2 sin �, �1 � sin2 ��. (6)

Combining with Eqs. (2) and (3) yields

Ebi(110)(�) �

1

s11 � s12 � S�3
2 cos4 � �

3
2 cos2 � sin2 � � 2 cos2 ��

. (7)

Substituting trigonometric identities and simplify-
ing, we obtain

Ebi(110)(�) �
1

s11 � s12 �
S
4 (cos 2� � 1)

. (8)

Using Eq. (8), the E, �, and Ebi for (110) silicon planes
are plotted as functions of direction, as shown in Fig.
3. From the plot, the Ebi has maximum and minimum
values of 264.6 and 180.6 GPa along the �110� and

Fig. 1. Ebi, E, and � of silicon as functions of angle from the �100�
direction within the (100) plane.

Fig. 2. Reference frame of (110) silicon plane. Some common di-
rections are labeled.
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�100� directions, respectively. Combining Ebi, �110� with
Eq. (1) yields a direction-dependent Stoney’s equa-
tion,

1
R(110)(�) �

6�ot

h2 	s11 � s12 �
S
4
�

3�ot

2h2 S cos 2�, (9)

where the curvature is expressed as a function of
isotropic and anisotropic terms. The anisotropic term
has angular frequency of 1��, and its ratio to the
isotropic term will be dependent on the material’s
compliance constants only. Using Eq. (9) the aniso-
tropic out-of-plane deformation on a (110) plane for
any given cubic material can be predicted.

3. Zernike Polynomials

For the case of circular plates, such as wafers used in
microfabrication processes, the surface profile can be
expressed as a linear combination of mathematical
functions known as Zernike polynomials. Zernike
polynomials are a set of orthogonal polynomials
within a unit circle, commonly used to describe opti-
cal wavefront aberrations.11 Because of their orthog-
onality property, the effect of each polynomial can be
studied independently. By examining the Zernike
polynomials representing the deformed surface, dif-
ferent modes of distortion can be analyzed to provide
a better description of both isotropic and anisotropic
out-of-plane deformations.

The Zernike polynomials are defined in polar coor-
dinates as

evenUn
l(�, �) � Rn

l(�)cos(l�),

oddUn
l(�, �) � Rn

l(�)sin(l�), (10)

and the radial function Rn
l��� is given by

Rn
n�2m(�) � �

s�0

m (�1)s(n � s)!
s ! (m � s) ! (n � m � s)! �n�2s, (11)

where � is the angle from the y axis and � is the
normalized radial distance from the origin. Any cir-
cular surface profile can then be expressed as a linear
combination of Zernike polynomials:

W(�, �) � �
n�0

k

�
m�0

n

ZnmRn
n�2m

	 �sin(n � 2m)�, if n � 2m 
 0
cos(n � 2m)�, if n � 2m � 0,

(12)

where Znm are the Zernike coefficients, the weighting
terms for each polynomial.

Two polynomials of interest, U21 and U22, depicted
in Fig. 4, are given by

U21(�) � 2�2 � 1,

U22(�, �) � �2 cos(2�). (13)

Fig. 3. Ebi, E, and � of silicon as functions of angle from the �110�
direction within the (110) plane.

Fig. 4. Normalized Zernike polynomials: (a) U21 and (b) U22.
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For small deformations, their respective first-order
radii of curvature (R21 and R22) can be derived from
geometry, yielding

1
R21

�
4

Rc
2 Z21,

1
R22(�) �

2

Rc
2 Z22 cos 2�, (14)

where Rc is the radius of the wafer and Z21 and Z22 are
the Zernike coefficients for U21 and U22, respectively.
For deformation in the (100) plane, we equate Eqs.
(14) and (5) to find

Z21, (100) �
3�otRc

2

2h2 (s11 � s12). (15)

For deformation in the (110) plane, we sum the
curvatures given by Eqs. (14) and equate it with Eq.
(9). From this expression, the Z21 and Z22 can be re-
lated to the isotropic and anisotropic terms, respec-
tively. The Zernike coefficients can then be defined as

Z21, (110) �
3�otRc

2

2h2 	s11 � s12 �
s
4
,

Z22, (110) � �
3�otRc

2

4h2 S. (16)

Equations (15) and (16) express the Zernike coeffi-
cients Z21 and Z22 as functions of the film stress,
geometry, and material constants. The out-of-plane
deformations for (100) and (110) planes can then be
described as linear combinations of isotropic and
anisotropic deformations, using Eq. (12), yielding

�(110)(�) �
3�otRc

2

2h2 (s11 � s12)(2�2 � 1),

�(110)(�, �) �
3�otRc

2

2h2 	s11 � s12 �
S
4
(2�2 � 1)

�
3�otRc

2

4h2 S(�2 cos 2�). (17)

From this Zernike polynomial description, total out-
of-plane deformations can be broken down into iso-
tropic and anisotropic terms orthogonal to each
other. For (100) planes the deformation is character-
ized by Z21 alone, whereas for (110) planes it is de-
scribed by both Z21 and Z22. The negative sign of the
anisotropic term exists because the angular reference
is set to the �110� direction, and can be canceled if the
reference frame is rotated by 90°.

4. Experimental Results and Discussion

To test the validity of describing isotropic and aniso-
tropic out-of-plane deformations using Zernike poly-
nomials, an in-house-made Shack–Hartmann (SH)
wavefront metrology tool is used.12 Our SH is an
optical setup where collimated deep-UV �
 

254 nm� light is reflected off the tested wafer surface
onto wavefront sensors. The wavefront is focused by
a microlenslet array to individual focal spots, which
are captured by a CCD camera. By comparing the
relative displacements of the spots with those from
an optical reference flat, a local slope field can be
calculated and used to reconstruct the wafer surface
using a least-squares fit algorithm to the Zernike
polynomials.13 By mapping the back surface of the
wafer before and after depositing the thin film, the
out-of-plane deformation can be characterized.

Silicon wafers 100 mm in diameter, 0.5 mm thick,
and (100) and (110) orientations were used in the
experiment. Both type of wafers have their primary
flat along the �100� direction. We deposited 20 nm of
Cr by e-beam evaporation on the front, and the back
surfaces were measured before and after deposition.

Fig. 5. Measured back wafer surface profile of a (100) silicon
wafer (a) before and (b) after deposition of a 20 nm thick Cr film.
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During measurements the wafer was held by a thin
foil optic constraint14 with the primary flat down-
ward, as depicted in Fig. 2. The thin optic metrology
truss, having a dynamic repeatability of 
40 nm and
inducing extremely low distortion, is critical in the
measurements.

The experimentally measured (100) and (110) wa-
fer back surfaces, before and after the film deposition,
are illustrated in Figs. 5 and 6. The distortion caused
by the thin-film residual stress is evident; yet, be-
cause of the initial wafer nonflatness, the deforma-
tions are difficult to analyze. The wafer surfaces are
fitted to the first four orders of the Zernike polyno-
mials, and their associated Zernike coefficients are
tabulated in Table 1. Higher-order polynomials are
not significant, since wafer nonflatness typically does
not include variations with higher spatial frequen-
cies.

As the experimental results show, for (100) silicon
there is only significant change in the Z21 coefficient,
having changed by 2.05 �m, whereas for (110) silicon
there are significant changes in the Z21 and Z22, hav-
ing changed by 2.64 and �0.97 �m, respectively. The
changes in the other coefficients are all relatively

small, and are comparable to the repeatability of the
measurement system. From these data it is obvious
that there is one dominant mode of distortion for
(100) silicon and two modes for (110) silicon, Z21 de-
scribing the isotropic and Z22 the anisotropic terms.
For linear elastic deformation, the equations derived
previously are valid in terms of �Z21 and �Z22. As-
suming no deformation at the center of the wafer, the
out-of-plane deformation across the entire wafer is
then

�(110)(�) � 4.09�2 �m,

�(110)(�, �) � 5.28�2 � 0.97�2 cos 2� �m. (18)

For the more interesting case of (110) silicon, the
experimental results can be compared with the ana-
lytical model derived earlier. The theoretical ratio of
the anisotropic to the isotropic curvature terms in Eq.
(9) is dependent on the compliances of the materials.
For silicon it is given by

�
S

4(s11 � s12) � S � �0.189. (19)

This ratio can be compared with the measured ratio
of the isotropic and anisotropic Zernike coefficients,

�Z22

2�Z21
� �0.183 � 0.004, (20)

where all errors reported here are estimated from the
1� repeatability of the measurement system. The
close agreement between theory and experimental
results (error 
3%) demonstrates the validity of the
model.

From the measured �Z21, the film stress on the
(100) silicon can be obtained, yielding

Fig. 6. Measured back wafer surface profile of a (110) silicon
wafer (a) before and (b) after deposition of a 20 nm thick Cr film.

Table 1. Zernike Coefficients for Measured Back Wafer Surface
Profiles of (100) and (110) Silicon before and after the Deposition of a

20 nm Thick Cr Film

Zernike
Coefficient

��m�

(100) Si (110) Si

Before After Change Before After Change

Z20 0.090 0.035 �0.055 0.571 0.508 �0.063
Z21 �0.287 1.759 2.046 �5.946 �3.308 2.639
Z22 0.114 0.116 0.002 3.587 2.619 �0.968
Z30 0.113 0.088 �0.025 �0.596 �0.657 �0.062
Z31 �0.408 �0.309 0.099 0.832 0.893 0.061
Z32 �0.045 �0.019 0.027 0.223 0.245 0.023
Z33 0.110 0.093 �0.017 0.338 �0.286 0.052
Z40 0.025 0.014 �0.012 �0.147 �0.161 �0.015
Z41 �0.015 �0.027 �0.012 �0.204 �0.216 �0.013
Z42 0.276 0.269 �0.007 0.721 0.699 �0.022
Z43 �0.079 �0.080 �0.002 0.585 0.563 �0.022
Z44 0.196 0.187 �0.009 �0.986 �0.978 0.008
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�21, (100) �
2h2

3tRc
2

�Z21

(s11 � s12)
� 2.32 � 0.02 GPa. (21)

For (110) silicon, the stress can be calculated from
both the isotropic and the anisotropic terms, obtain-
ing

�21, (110) �
2h2

3tRc
2

�Z21

�s11 � s12 �
S
4�

� 3.56 � 0.03 GPa,

�22, (110) � �
4h2

3tRc
2

�Z22

S � 3.47 � 0.07 GPa, (22)

which agree within 
3%. Since the back surface pro-
file was measured for the experiments, the sign of the
stress needs to be reversed, yielding a compressive
stress in the film. The small errors are believed to be
caused by the repeatability of the optical setup, lim-
ited by various factors such as air turbulence, tem-
perature gradient, and unstable light source.

5. Conclusion

The isotropic and anisotropic out-of-plane deforma-
tions of (100) and (110) planes for cubic materials
induced by thin-film residual stress are studied and
described using Zernike polynomials. Combining the
derived modified Stoney’s equation with the Zernike
polynomial description, the deformation can be de-
composed into isotropic and anisotropic terms. Exper-
imental results by use of (100) and (110) silicon
wafers show that there are changes only in the Z21
and Z22 coefficients, corresponding to isotropic and
anisotropic deformations. For (110) silicon, the mea-
sured ratio of anisotropic to isotropic terms agrees
with the analytical model to within 
3%.
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