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ABSTRACT  

The next generation of high-resolution X-ray telescopes will require mirror segments characterized to 5 nm uncertainty or 
better. This is difficult to achieve due to the mirror segment’s off-axis hyperbolic and parabolic shape and the challenge 
of manufacturing and testing a cylindrical null lens. In a typical Fizeau interferometer setup, errors in the assumed perfect 
null lens will be coupled into the final surface figure, increasing uncertainty. To combat the higher uncertainty of the 
cylindrical null corrector, we have been developing lateral shift mapping, an absolute metrology technique using a Fizeau 
interferometer. In this technique, the surface under test is laterally shifted between measurements while the reference 
surface does not move. Contributions to the interferogram due to the surface under test will move, while contributions due 
to the reference will stay static. Using this information, we can extract the true surface under test with low uncertainty. 
There is a quadratic ambiguity that arises due to the extraction method being akin to an integration. We have shown in the 
past our ability to utilize lateral shift mapping to extract flat surfaces to sub-nanometer uncertainties by comparing our 
results to a three-flat test. We also demonstrated that we can eliminate the quadratic ambiguity in flats using an external 
measurement with an autocollimator. We are expanding this method from optical flats to cylindrical surfaces, creating 
axial shift mapping. We will report on progress toward sub-nanometer measurements of cylindrical mirrors using axial 
shift mapping.  
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metrology.   
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1. INTRODUCTION  

There are many ways to characterize the low-spatial frequency figure error of X-ray mirrors: X-ray pencil beam1 or 
Hartmann2 metrology, Fizeau interferometry with a refractive or diffractive cylindrical null3,4,5, long trace profilometry6,7, 
Shack-Hartmann wavefront sensing8,9, and deflectometry10.  Each method has its own set of advantages and disadvantages. 
For example, Fizeau interferometry is able to characterize the full surface in one measurement, easy to set up, and can be 
done at atmospheric pressures, but it is held back by the fact that you can only know the surface as well as you know the 
reference. The next generation of X-ray telescopes will have a performance goal of 0.5 arcsec half-power diameter on 
axis11, which equates to a surface figure error better than 5 nm rms12. To achieve this with Fizeau interferometry, we will 
have to characterize the reference surface to much lower than 5 nm rms if we want the surface under test (SUT) to meet 
the performance requirement. Another option is to implement a method that removes the effect of the reference surface on 
the measurement of the SUT.  

X-ray mirrors are difficult to characterize due to their off-axis parabolic and hyperbolic figures13. Absolute metrology 
methods are well known for optical spheres and flats14,15, but these methods rely on point symmetry, which the acylindrical 
shapes of X-ray mirrors do not have. Along with only line symmetry, the axial figure of the mirror is the most important 
dimension for system performance. The axial figure and some common figure errors along that dimension can be seen in 
Figure 1. It is imperative that any method we develop can accurately measure the axial figure of the mirrors.  



 

 
 

 

Here we present axial shift mapping (ASM), an absolute metrology technique aimed at extracting the SUT from a set of 
Fizeau measurements without the effects of the reference surface. As far as we are aware, this method was first described 
in 2010 for measurements of optical flats with a Fizeau interferometer16,17, and we have confirmed our ability to recreate 
this method for flats down to sub-nanometer error with the quadratic term removed18.  This paper focuses on the 
developments over the last year including a new way to reliably extract the quadratic term along the axial figure, and how 
we plan to expand this method to cylindrical surfaces. 

 
Figure 1. a) Rendering of an X-ray telescope mirror segment with a local coordinate frame. The axial figure is highlighted with an 
orange line. This dimension is critical for system performance, and it is imperative that we can accurately measure the quadratic term 
along this line. b) A visualization of the nominal axial figure and typical errors that can be seen in the axial figure.   

2. METHOD 

Axial shift mapping is a slope-based surface extraction technique with which we can separate out the reference surface 
from the surface under test by integrating from slope space. To obtain the slopes, the surface under test is shifted by the 
size of an interferometer CCD pixel when projected into object space. We use an Äpre instruments S100 Fizeau 
interferometer which has a projected pixel size of 50 μm, therefore our minimum step size is 50 μm. The full surface 
extraction relies on a minimum of three Fizeau measurements, two of which are shifted in orthogonal directions with 
respect to the nominal position. In this paper we present only one-dimensional extractions, meaning that only a shift in the 
direction of the extraction is required.  

2.1 Extraction method 

The description of the method has been presented before18, and is repeated here as a review. In one dimension, we assume 
that the Fizeau measurement is the subtraction of the SUT and reference surface at each point (Figure 2). This is described 
as 

𝑚𝑚𝑖𝑖,1 = 𝑆𝑆𝑖𝑖 − 𝑅𝑅𝑖𝑖 (1) 

where i is the pixel index, S is the contribution due to the surface, R is the contribution due to the reference, and m is the 
measurement at that index. The subscript 1 refers to this measurement being at the nominal position. When we shift the 
SUT by one pixel, we now obtain 

𝑚𝑚𝑖𝑖,2 = 𝑆𝑆𝑖𝑖+1 − 𝑅𝑅𝑖𝑖 (2) 

where the shift is reflected in the subscript 2 on the measurement and the movement of what part of the SUT contributes 
to the measurement. During both Fizeau measurements, we will obtain data at each pixel. If we put all the measurements 
into a vector, where measurement 2 is appended to the end of measurement 1, we get 

𝑚𝑚��⃗ = [𝑚𝑚1,1 𝑚𝑚2,1 ⋯ 𝑚𝑚𝑁𝑁,1 𝑚𝑚1,2 𝑚𝑚2,2 ⋯ 𝑚𝑚𝑁𝑁,2]T (3) 

where N is the number of pixels. If we do a similar arrangement with the true surfaces that we are trying to solve for, we 
generate 

𝑧𝑧 = [𝑅𝑅1 𝑅𝑅2 ⋯ 𝑅𝑅𝑁𝑁 𝑆𝑆1 𝑆𝑆2 ⋯ 𝑆𝑆𝑁𝑁]T (4) 



 

 
 

 

and equation (3) and (4) can be related by a sparse matrix of K that represents equations (1) and (2). This can be written 
as  

K ∙  𝑧𝑧 ��⃗ =  𝑚𝑚��⃗  (5) 

A single measurement informing our extraction is prone to errors, so to solve equation (5) we take more measurements, 
each shifted by one pixel in the measurement direction. These extra measurements are appended to the end of the m vector. 
We then use a Moore-Penrose inverse, a well-known least mean square method, on equation (5) to give 

𝑧𝑧 ��⃗ = (KTK)-1KT  ∙  𝑚𝑚��⃗  (6) 

from which we can extract the true surfaces. We can shift more than one pixel at a time, it just requires the K matrix to be 
altered to reflect this variation to equation (2). 

 
Figure 2. Diagram how we can use a one-pixel shift to remove contributions due to the reference surface. By taking a difference between 
the two Fizeau results, we eliminate the reference surface from the measurements as it remains stationary. We are left with a slope 
between pixel 1 and 2, both informed by the SUT. In practice we do these many times and use the least mean square method of a 
pseudoinverse matrix to mitigate errors. 

 

2.2 Quadratic ambiguity 

An issue that arises with slope space measurements is a loss of information due to a lack of uniqueness in slope space. 
This non-uniqueness comes from two or more different effects generating the same result when integrated. In axial shift 
mapping, a tilt of the surface during shifting will produce the same slope space difference as a quadratic surface when 
shifted, after the difference is taken according to equations. A diagram of this can be seen in Figure 3. This is of particular 
interest to the application of X-ray telescope mirrors, because along the line of extraction is the axial figure, which is 
crucial to system performance. Unlike mirrors that reflect light near normal-incidence, grazing-incidence mirrors cannot 
compensate for axial radius of curvature uncertainty using rigid body motions. Other methods of X-ray mirror metrology, 
like long-trace profilometry, are not blind to this term like axial shift mapping7. Standard Fizeau interferometry with an 
uncharacterized reference is blind to this quadratic term as well as higher order terms. 

This requirement, along with the non-uniqueness, leads to the conclusion that an external measurement of some kind is 
required to accurately extract the surface. One method uses an autocollimator looking at a mirror that is rigidly attached 
to the side of SUT. This will measure tilts of the surface as it is translated. These tilts can then be removed before the 
surfaces are extracted, meaning that any quadratic we see in the surface is due to a real quadratic surface profile. The 
autocollimator has drawbacks in that it adds sources of errors such as autocollimator noise, alignment drift of the mirror it 
is looking at, and alignment drift of the interferometer reference flat. We have shown results using this method in the past, 
and will be comparing them to the second method. The method that we are showing here involves a second flat mirror in 
the field of view of the interferometer. This second mirror, which we are calling the reference mirror, is measured 
absolutely using a three-flat test before axial shift mapping measurements are made. Any tilts of the SUT during shifting 
can be extracted from what tilts we see in the profile of the premeasured reference mirror. This eliminates the noise of a 
second instrument looking at the surface, and any drift in the interferometer reference flat alignment affects both the SUT 
and reference mirror measurement, and therefore does not affect the extracted surface. This method also allows a smaller 
path between SUT and external reference mirror, mitigating some possible sources of errors from index of refraction 



 

 
 

 

variations in air. This method has many potential benefits that may lead to a lower noise floor for axial shift mapping as a 
metrology method. 

 
Figure 3. Example of how a tilt during shifting can give the same result as a quadratic that is not tilted. When taking a difference between 
measurements for both cases, they give the same result in slope space. This method is akin to an integration, and both examples give a 
quadratic when integrated. This results in an ambiguity as to whether the quadratic in the extracted surface is due to an actual quadratic 
term in the surface or a tilt during shifting.  

 

3. EXPERIMENTAL SETUP 

Ultra-low expansion (ULE) glass mirrors were used as our surface under test and our reference mirror. These mirrors were 
put into an aluminum mount which was then inserted into a precision tip/tilt mount on a 2-axis Aerotech stage. The mount 
included features to act as a fiducial to the centerline of the mirror. This aided in ensuring we were measuring the correct 
line during ASM measurements and three-flat test measurements. All measurements were taking using an Äpre 
Instruments S100 Fizeau interferometer. This portion of the system can be seen in Figure 4. Not pictured is the 
autocollimator we used to make tilt measurements. Despite having the reference mirror, we included the autocollimator 
because we wanted to compare our reference mirror method of quadratic extraction to our previous method of using an 
autocollimator. The autocollimator was rigidly attached to the optical table on a granite slab. The autocollimator mirror 
was mounted in a low-drift mirror mount and attached to the tip/tilt stage facing along the direction of shifting.  

a)      b)   

Figure 4. Experimental set up with Äpre S100 Fizeau interferometer (a) looking at the mirror mount (b) which holds the surface under 
test (center of mount) and the known reference mirror (top of mount). This mount is in a precision tip-tilt stage attached to an Aerotech 
X-Y stage. The reference mirror is measured beforehand using a basic three flat test.  



 

 
 

 

4. RESULTS 

Extracted surfaces and their errors are shown below. All three different results are from the same set of raw data. What 
sets them apart is the method used to determine the quadratic term of the SUT. The first extraction shown (Figure 5) is 
using axial shift mapping with no external measurement. The second extraction shown (Figure 6) is using an autocollimator 
to measure the tilts of the stage and then subtracting them out before comparing measurements. The final results are from 
using the known reference mirror in the field of view of the interferometer to measure tilts and removing the tilts before 
surface extraction (Figure 7). As mentioned above, shifting more than once better informs the Moore-Penrose inverse, so 
the raw data taken involved 40 shifts at 2 pixels per shift. This data is the average of 10 sets of these 40 shifts. The ultimate 
version of this method will involve less shifting and averaging, but we averaged this much to reduce random environmental 
error. 

Both the reference surface and the SUT were extracted using a three-flat test once mounted in the aluminum mount. The 
ASM extracted surfaces are compared against the three-flat test extracted surface. We will not be able to characterize the 
SUT using the three-flat test once we transition to measuring curved optics with axial shift mapping, but currently this 
provides a great opportunity to compare results with a well-known and accepted metrology technique. 

4.1 No external measurement  

When no external measurement is used, we found there to be an rms difference of 33.1 nm for the reference surface and 
29.9 nm for the SUT when comparing the surfaces to what was extracted using a three-flat test (Figure 5). Extracting the 
surfaces like this means that the quadratic shown in the surface can either be from a true quadratic term in the surface 
under test or can be from tilts during shifting. We cannot determine the origin because those two possibilities are degenerate 
in slope space. Extracting the surface without an external measurement illustrates the need for one if this method is to 
become reliable. 

 
Figure 5. The extracted reference surface (left) and the extracted surface under test (right) when there is no external measurement to 
inform the quadratic term. The extracted surface in black is shown in comparison to the surface as measured by a three-flat test. The 
rms difference between the ASM extracted surface and the three-flat test extracted surface is 33.1 nm for the reference surface and 
29.9 nm for the SUT.  

4.2 Autocollimator external measurement 

When using an autocollimator to remove the relative tilts between each measurement, the ASM extracted surface has an 
rms error of 14.2 nm for the reference surface and 13.3 nm for the SUT (Figure 6). We have shown better results in the 
past18, but have since found the new numbers to reflect a more typical extraction that uses an autocollimator. One possible 
reason for the autocollimator to give good results during one measurement and less than ideal results the next is temperature 
fluctuations within the lab. The current experimental set up is not thermally isolated from ambient air and we have seen 
better result when taking data on Sundays. This corresponds to the lab coming to equilibrium after the building HVAC has 
been set at a fixed temperature for over 24 hours. We plan to explore other reasons why the autocollimator is not producing 
as repeatable results as we had expected as well.  



 

 
 

 

 
Figure 6. The extracted reference surface (left) and the extracted surface under test (right) when an autocollimator is used to eliminate 
the effects of tilts during shifting, informing the quadratic extraction. The rms difference between the ASM extracted surface and the 
three-flat test extracted surface is 14.2 nm for the reference surface and 13.3 nm for the SUT. 

 

4.3 Reference mirror external measurement 

We measured the best results when using the known reference mirror to extract relative tilts. We found the reference 
surface to have 4.6 nm rms error and the SUT to have 4.3 nm rms error (Figure 7). These measurements were repeated 
and we found the next measurement to also give sub-5 nm rms error. This meets the original goal of extracting the surface 
with rms error below 5 nm. As can be seen in Figure 7, there is still a deviation from the quadratic term as measured by 
the three-flat test. Despite that, we have found that using a reference mirror to be a more reliable and repeatable way to 
extract the SUT when compared to using an autocollimator. We believe that a lot of our current noise is due to having a 
ULE mirror in an aluminum mount. This large CTE mismatch could result in high temperature sensitivity, which is 
expected to be important over the 10 hour-long measurements presented here. This will be remedied in the future. 

 
Figure 7. The extracted reference surface (left) and the extracted surface under test (right) when a premeasured reference mirror is used 
to eliminate tilts during shifting, informing the quadratic extraction. The rms difference between the ASM extracted surface and the 
three-flat test extracted surface is 4.6 nm for the reference surface and 4.3 nm for the SUT. 

5. FUTURE WORK 

We have begun designing our experiment that will move axial shift mapping from measuring flats to measuring curved, 
specifically acylindrical, surfaces. We plan to continue the use of the known reference mirror method to deal with the 
quadratic ambiguity that arises with axial shift mapping. In order to implement that tilt extraction method along with 
curved surfaces, we are considering an approach that relies on a computer-generated hologram (CGH). This CGH will 
generate the specific wavefronts that we need. Figure 8 shows the current CHG design that we are considering. This will 



 

 
 

 

include a cylindrical or acylindrical wavefront from the center, and side wavefronts dedicated to our reference mirrors. 
The reference mirrors and the side wavefronts will be characterized using a three-flat test.  

 
Figure 8. Diagram of current CGH design being considered. A central CGH will generate a cylindrical or acylindrical wavefront directed 
toward the SUT. On either side of the SUT there will be a reference mirror, each of which is accompanied by its own side CGH patterns. 
This will allow us to continue our method of using known reference mirrors while extending this method to X-ray mirrors. 

We are building a ray trace program that will help determine the specific wavefront that we want the central CGH to 
generate. We can have the CGH designed to generate a wavefront that will match a cylinder, or to match a Wolter primary 
or secondary mirror of a specific radius. This decision will be based on the OPD that we see with each type of wavefront. 
Figure 9 shows preliminary results from our ray tracing, which demonstrates that with a cylindrical wavefront, neither a 
Wolter primary nor secondary mirror will generate too high of a fringe density for our Äpre Instruments S100 
interferometer. We will continue to make our ray trace program more robust before making a final decision on the central 
wavefront. 

The addition of the CGH to the system will allow us to continue to expand axial shift mapping from optical flats to 
acylindrical surfaces. 

 

 
Figure 9. Preliminary results from our ray trace program showing the expected fringe pattern of a cylindrical wavefront from the CGH 
reflecting off of a Wolter primary and a Wolter secondary mirror (10 m focal length and 156 mm radius at mirror intersection). Both 
fringe patterns are low enough density that the Äpre Instruments S100 Fizeau interferometer will be able to measure the surface reliably. 

6. CONCLUSION 

We have shown results that we are able to extract a one-dimensional line of an optical flat to a sub-5 nm rms uncertainty 
using our new method of a known reference mirror in the field of view of the interferometer. We were able to extract the 



 

 
 

 

reference surface with 4.6 nm rms error and the SUT with 4.3 nm rms error. We also showed that this method is more 
reliable than our previous method of using an autocollimator. A possible reason for the decreased performance when using 
the autocollimator was long term temperature drifting of the autocollimator. We will continue to develop the system for 
optical flats to explore the noise floor of this method. We also showed current developments of the system as we are 
beginning to move from optical flats to cylindrical and acylindrical surfaces.  

This method will aid in creating well characterized acylindrical nulls which can be used in the manufacturing of the next 
generation of X-ray telescope mirrors, with the overall impact of aiding in the creation of a diffraction limited X-ray 
telescope.  
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